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SZEGO¨ KERNEL, REGULAR QUANTIZATIONS AND
SPHERICAL CR-STRUCTURES
CLAUDIO AREZZO, ANDREA LOI, AND FABIO ZUDDAS
Abstract. We compute the Szego¨ kernel of the unit circle bundle of
a negative line bundle dual to a regular quantum line bundle over a
compact Ka¨hler manifold. As a corollary we provide an infinite family
of smoothly bounded strictly pseudoconvex domains on complex man-
ifolds (disk bundles over homogeneous Hodge manifolds) for which the
log-terms in the Fefferman expansion of the Szego¨ kernel vanish and
which are not locally CR-equivalent to the sphere. We also give a proof
of the fact that, for homogeneous Hodge manifolds, the existence of a lo-
cally spherical CR-structure on the unit circle bundle alone implies that
the manifold is biholomorphic to a projective space. Our results gener-
alize those obtained by M. Engliˇs and G. Zhang in [12] for Hermitian
symmetric spaces of compact type.
1. Introduction
Let (L, h) be a positive Hermitian line bundle over a compact Ka¨hler
manifold (M,g) of complex dimension n, such that Ric(h) = ωg,, where ωg
denotes the Ka¨hler form associated to g and Ric(h) is the two–form on M
whose local expression is given by Ric(h) = − i2∂∂¯ log h(σ(x), σ(x)), for a
trivializing holomorphic section σ : U → L\{0}. In the quantum mechanics
terminology the pair (L, h) is called a geometric quantization of (M,ωg) and
L the quantum line bundle. Consider the negative Hermitian line bundle
(L∗, h∗) over (M,g) dual to (L, h) and let D ⊂ L∗ be the unit disk bundle
over M , i.e.
D = {v ∈ L∗ | ρ(v) := 1− h∗(v, v) > 0}. (1)
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It is not hard to see (and well-known) that the condition Ric(h) = ωg implies
that D is a strongly pseudoconvex domain in L∗ with smooth boundary
X = ∂D = {v ∈ L∗ | ρ(v) = 0}. X will be called the unit circle bundle.
Consider the separable Hilbert space H2(X) consisting of all holomorphic
functions f : L∗ → C with scalar product given by
∫
X f g¯dµ where dµ =
α ∧ (dα)n and
α = −i∂ρ|X = i∂¯ρ|X
is the standard contact form on X associated to the strongly pseudoconvex
domain D 1.
Let {fj}j=1,... be an orthonormal basis of H
2(X), i.e.∫
X
fj f¯kdµ = δjk.
The Szego¨ kernel of D is defined by:
S(v) =
+∞∑
j=1
fj(v)fj(v), v ∈ D.
A fundamental result of C. Fefferman 2 [13] asserts that there exist a, b ∈
C∞(D¯), a 6= 0 on X = ∂D such that:
S(v) = a(v)ρ(v)−n−1 + b(v) log ρ(v), v ∈ D (2)
where ρ(v) = 1− h∗(v, v) is the defining function of D.
The function b(v) in (2) is called the logarithmic term (log-term from now
on) of the Szego¨ kernel. One says that the log-term of the Szego¨ kernel of
the disk bundle D ⊂ L∗ vanishes if b = 0.
Example 1. The basic example here is the complex projective space CPn
equipped with the Fubini–Study Ka¨hler form ωFS, L = O(1) the hyperplane
bundle and L∗ = O(−1) the canonical bundle over CPn. The corresponding
unit circle bundleX → CPn is CR-equivalent to S2n+1 via the map S2n+1 →
X, z 7→ (Cz, z) and the restriction to X of the projection π : L∗ → CPn is
the Hopf fibration. Morever, a direct computation shows that the log-term
of the Szego¨ kernel of the disk bundle vanishes. More generally, for any
nonnegative integer m, one considers the line bundle Lm = O(m) over CPn
1Notice that the holomorphic functions of L∗ are automatically L2-integrable on X due
to the compactness of M and of X.
2Originally proved for the boundary singularities of the Bergman kernel of a strongly
pseduconvex domain in Cn.
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and its dual L∗m = O(−m). In this case the unit circle bundle X is CR-
equivalent to the lens space S2n+1/Zm. The diffeomorphism this time is
given by the map z 7→ (Cz,⊗mz) from the sphere S2n+1 which induces a
diffeomorhism form S2n+1/Zm onto X (see e.g. [21, p. 542]). Also in this
case the log-term of the Szego¨ kernel of the disk bundle vanishes (this follows
by a direct computation or as a very special case of Theorem 2 below).
Therefore the following questions naturally arise.
Question 1. Let D be as above. Suppose that the log-term of the Szego¨
kernel of D vanishes. Is it the boundary X of D locally CR-equivalent to
the sphere?
Question 2. Assume that X is (locally) CR-equivalent to the sphere. Is it
true that M is biholomorphic to CPn?
Question 1 is a reasonable question since the singularity of the Szego¨
kernel is determined locally by the CR-structure of the boundary. This
question is analogous to Ramadanov’s conjecture asserting that if Ω ⊂ Cn
is a strongly pseudoconvex domain with smooth boundary such that its
Bergman kernel has no logarithmic term then Ω is biholomorphic to the unit
ball in Cn 3. Questions 1 and 2 are inspired by (and implicitly contained
in) the paper of Z. Lu and G. Tian [24] (see also the next section) and by
the work of M. Engliˇs and G. Zhang [12] who provides a negative answer
to Question 1 and a positive answer to Question 2 when the disk bundle
D ⊂ L∗ arises from a positive line bundle L over an Hermitian symmetric
space of compact type. Indeed, in this case he computes the Szego kernel of
D, proves that the log-term vanishes and that X = ∂D is locally spherical iff
M = CPn. In the same paper he asks (Question 4 in [12]) if there were other
cases where the log-term of the Szego¨ kernel of the disk bundle vanishes.
One of the aim of the paper is to show that there are indeed many other
cases where this occurs. This is expressed by the following theorem and its
corollary which is the first result of the paper (the reader is referred to the
next section for details and references on regular quantizations).
3Observe that in our situation the disk bundle D is not even homotopically equivalent
to a disk in Cn since the the homotopy type of the disk bundle is the same of its base
(compact) manifold M .
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Theorem 1. Let (L, h) be a regular quantization of a compact Ka¨hler man-
ifold (M,ω) and let X →M be the unit circle bundle of (L∗, h∗). Then the
log-term of the Szego¨ kernel of D vanishes.
Notice that a compact homogeneous Hodge manifold (i.e. a simply-
connected compact and homogeneous Ka¨hler manifold) admits a regular
quantization (see next section). Hence, we get the following corollary of
Theorem 1.
Corollary 2. Let (M,g) be a homogeneous Hodge manifold and let (L, h) be
the Hermitian line bundle over M such that Ric(h) = ωg. Then the log-term
of the Szego¨ kernel of the disk bundle D ⊂ L∗ vanishes.
It is worth pointing out that it is still an open problem to understand if
there exist non-homogeneous Ka¨hler manifolds which admit a regular quan-
tization. Nevertheless the set of compact homogeneous Hodge manifolds
strictly includes the set of Hermitian symmetric spaces of compact type
and so our corollary provides new examples, different from the Hermitian
symmetric spaces, where the log-term vanishes.
Turning our attention to Question 2, we prove that, among all homoge-
neous spaces, CPn is the only one for whichX = ∂D is locally CR-equivalent
to the sphere S2n+1 at some point. This is expressed by the following theo-
rem which represents our second result and generalizes the above mentioned
results of M. Engliˇs and G. Zhang valid for Hermitian symmetric spaces of
compact type.
Theorem 3. If M is a homogeneous Hodge manifold and X has a CR-
structure locally equivalent to S2n+1 at same point, then M is biholomorphic
to the complex projective space and L is a multiple of the tautological line
bundle.
We finally point out that the papers of X. Huang ([15], [16], [17]) dealing
with the links of complex analytic spaces with an isolated singularity carry-
ing a spherical CR-structure could be useful to attack Question 2 without
the assumption of homogeneity. Indeed, by applying Huang’s results to the
unit circle bundle of an embedded projective manifold M , seen as a link of
the affine cone over M , one obtains some informations on the CR-structure
of the cone and consequently on the manifold M . Unfortunately, these in-
formations seem not to be enough to provide a positive answer to Question
2.
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The paper contains other two sections. In the first one we recall the
basic material on Kempf distortion function, TYZ expansion and regular
quantizations while the last section is dedicated to the proof of Theorem 1
and Theorem 3.
2. Kempf distortion function, Szego¨ kernel and regular
quantizations
Let (L, h) be a positive Hermitian line bundle over a compact Ka¨hler
manifold (M,g) of complex dimension n, such that Ric(h) = ωg as in the
introduction. Let m ≥ 1 be an integer and consider the Kempf distortion
function associated to mg, i.e.
Tmg(x) =
dm∑
j=0
hm(sj(x), sj(x)). (3)
where hm is an hermitian metric on L
m such that Ric(hm) = mωg and
s0, . . . , sdm , dm + 1 = dimH
0(Lm) is an orthonormal basis of H0(Lm) (the
space of holomorphic sections of Lm) with respect to the L2-scalar product
〈s, t〉m =
∫
M
hm(s(x), t(x))
ωng (x)
n!
, s, t ∈ H0(Lm).
(In the quantum geometric context m−1 plays the role of Planck’s constant,
see e.g. [2]).
As suggested by the notation this function depends only on the Ka¨hler
metric g and on m and not on the orthonormal basis chosen.
The function Tmg has appeared in the literature under different names.
The earliest one was probably the η-function of J. Rawnsley [26] (later re-
named to θ function in [10]), defined for arbitrary (not necessarily compact)
Ka¨hler manifolds, followed by the distortion function of G. R. Kempf [19]
and S. Ji [18], for the special case of Abelian varieties and of S. Zhang [29]
for complex projective varieties. The metrics for which Tg is constant (i.e.
Tmg is constant for m = 1) were called critical in [29] and balanced in [11]
(see also [4]) where S. Donaldson studies the link between the existence and
uniqueness of balanced metrics in a fixed cohomology class and constant
scalar curvature metrics.
One can give a quantum-geometric interpretation of Tmg as follows. Take
m sufficiently large such that for each point x ∈M there exists s ∈ H0(Lm)
non-vanishing at x (such an m exists by standard algebraic geometry meth-
ods and corresponds to the free-based point condition in Kodaira’s theory).
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Consider the so called coherent states map, namely the holomorphic map of
M into the complex projective space CP dm given by:
ϕm :M → CP
dm : x 7→ [s0(x) : · · · : sdm(x)]. (4)
One can prove (see, e.g. [3]) that
ϕ∗mωFS = mωg +
i
2
∂∂¯ log Tmg, (5)
where ωFS is the Fubini–Study form on CP
dm , namely the Ka¨hler form
which in homogeneous coordinates [Z0, . . . , Zdm ] reads as
ωFS =
i
2∂∂¯ log
∑dm
j=0 |Zj |
2. Since the equation ∂∂¯f = 0 implies that f is
constant, it follows by (5) that a metric mg is balanced if and only if it is
projectively induced (via the coherent states map). Recall that a Ka¨hler
metric g on a complex manifold M is projectively induced if there exists
a positive integer N and a holomorphic map ψ : M → CPN , such that
ψ∗gFS = g (the author is referred to the seminal paper of E. Calabi [9] for
more details on the subject). Not all Ka¨hler metrics are balanced or pro-
jectively induced. Nevertheless, G. Tian [28] and W. D. Ruan [27] solved
a conjecture posed by Yau by showing that ϕ
∗
mgFS
m C
∞-converges to g. In
other words, any polarized metric on a compact complex manifold is the
C∞-limit of (normalized) projectively induced Ka¨hler metrics. S. Zelditch
[30] generalized the Tian–Ruan theorem by proving a complete asymptotic
expansion (called TYZ expansion) in the C∞ category, namely
Tmg(x) ∼
∞∑
j=0
aj(x)m
n−j , (6)
where aj(x), j = 0, 1, . . ., are smooth coefficients with a0(x) = 1. More
precisely. for any nonnegative integers r, k the following estimate holds:
||Tmg(x)−
k∑
j=0
aj(x)m
n−j ||Cr ≤ Ck,rm
n−k−1, (7)
where Ck,r are constants depending on k, r and on the Ka¨hler form ωg and
|| · ||Cr denotes the C
r norm in local coordinates. Later on, Z. Lu [23] (see
also [22]), by means of Tian’s peak section method, proved that each of the
coefficients aj(x) in (6) is a polynomial of the curvature and its covariant
derivatives at x of the metric g which can be found by finitely many algebraic
operations. Furthermore, he explicitely computes aj with j ≤ 3.
Notice that prescribing the values of the coefficients of the TYZ expansion
gives rise to interesting elliptic PDEs as shown by Z. Lu and G. Tian [24].
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The main result obtained there is that if the log-term of the Szego¨ kernel
of the unit disk bundle over M defined in the introduction vanishes then
ak = 0, for k > n (n being the complex dimension of M). Moreover Z. Lu
has conjectured (private communication) that the converse is true, namely
if ak = 0, for k > n then the log-term vanishes.
In this paper we are interested in those Ka¨hler manifolds admitting a reg-
ular quantization. A Ka¨hler manifold (M,g) admits a regular quantization
if there exists a positive Hermitian line bundle (L, h) as above such that
the Kempf distortion Tmg(x) is a constant Tmg (depending on m) for all
non-negative integer m ≥ 1. In other words (M,g) admits a regular quan-
tization iff the family of Ka¨hler metrics mg is balanced for all m. Regular
quantizations play a prominent role in the study of Berezin quantization of
Ka¨hler manifolds (see [2] and [4] and reference therein). From our point of
view we are interested to the following two facts:
• if a Ka¨hler manifold (M,g) is homogeneous, i.e. the group of holo-
morphic isometries acts transitively on it, then (M.g) admits a reg-
ular quantization (see, e.g. [2, Theorem 5.1] for a proof).
• if a Ka¨hler manifold admits a regular quantization then it follows by
the very definition of Kempf distortion function that
Tmg(x) = Tmg =
h0(Lm)
V (M)
(8)
and so by Riemann–Roch theorem Tmg is a monic polynomial in m
of degree n.
Thus in the regular case (and hence in the homogeneous case) the TYZ
expansion is finite (being a polynomimal), the coefficients ak are constants
for all k and ak = 0 for k > n. Hence in the light of Z. Lu conjecture
mentioned above one could believe that the Szego¨ kernel of the disk bundle
has vanishing log-term in the regular situation. Our main Theorem 1 shows
that this is indeed the case.
3. The proofs of the main results
Proof of Theorem 1. First notice that the Hardy spaceH2(X) defined in the
introduction admits the Fourier decomposition into irreducible factors with
respect to the natural S1-action. More precisely,
H2(X) = ⊕+∞m=0H
2
m(X)
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where H2m(X) = {f ∈ H
2(X) | f(λv) = λmf(v), λ ∈ S1}. S. Zelditch [30]
shows that the map s ∈ H0(Lm) 7→ sˆ ∈ H2m(X) given by:
sˆ(v) = v⊗m(s(x)), v ∈ X, x = π(v), π : L∗ →M
is an isometry between H0(Lm) and H2m(X). Moreover, it not hard to see
that, for every v ∈ X, 4
Sm(v) :=
dm∑
j=0
sˆj(v)sˆj(v) =
dm∑
j=0
hm(sj(x), sj(x)) = Tmg(x), x = π(v) ∈M,
(9)
where Tmg(x) is the Kempf distortion function. Thus
S(v) =
+∞∑
m=0
Sm(v) =
+∞∑
m=0
(h∗(v, v))
mTmg(x), v ∈ D,x = π(v).
Since, by assumption, the quantization (L, h) of (M,ωg) is regular one gets
by (8):
S(v) =
+∞∑
m=0
h0(Lm)
V (M)
(h∗(v, v))
m,
where V (M) =
∫
M
ωng
n! denotes the volume of M .
As we have already observed in the previous section, by Riemann–Roch
h0(Lm) is a monic polynomial in m of degree n so it can be written as linear
combination of the binomial coefficients Cm+kk =
(m+k)!
m!k! , namely
h0(Lm) =
n∑
k=0
dkC
m+k
k , dn = n!.
Hence
S(v) =
1
V (M)
n∑
k=0
dk
∞∑
m=0
Cm+kk (h∗(v, v))
m.
By using the fact that
∞∑
m=0
Cm+kk x
m =
1
(1− x)k+1
, 0 < x < 1
and ρ(v) = 1− h∗(v, v) one gets:
S(v) =
1
V (M)
n∑
k=0
dk[ρ(v)]
−k−1,
4It is worth pointing out that is exactly formula (9) together with Boutet de Monvel-
Sjo¨strand parametrix for the Szego¨ kernel which allows S. Zelditch [30] to get the TYZ
expansion of Kempf’s distortion function.
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Therefore
S(v) = a(v)ρ(v)−n−1
where
a(v) = V (M)−1n! + V (M)−1
n−1∑
k=0
dk[ρ(v)]
n−k.
It then follows (cfr. (2) above) that the log-term of the Szego¨ kernel of the
unit disk bundle D ⊂ L∗ vanishes and we are done. 
In order to prove Theorem 3 we need the following cohomological lemma.
Lemma 4. Let (M,ω) be a homogeneous Hodge manifold. Assume that the
Betti numbers of M satisfy b2j−2 = b2j for j = 1, . . . , n, where we are taking
the dimension of the corresponding cohomology groups with real coeffcients.
Then M is biholomorphic either to CPn or to the complex odd quadric
Qn = {[Z0, . . . , Zn+1] ∈ CP
n+1 | Z20 + · · · + Z
2
n+1 = 0}, n = 2p− 1, n > 1.
Proof. Let us recall that a compact homogeneous Hodge manifold M can be
always realized as a flag manifold G/K, where G is a semisimple Lie group
and K is the stabilizer of an element x ∈ Lie(G) for the adjoint action. Such
a manifold can be described combinatorially by a painted Dynkin diagram Γ,
that is a Dynkin diagram of a complex semisimple Lie group (see for example
[20]) with some nodes painted in black so that by deleting the black nodes
from Γ one gets the Dynkin diagram of the semisimple part of K. One
also endows the diagram with an equipment, that is a bjection between the
nodes of Γ and a basis ∆ = {α1, . . . , αm} of the root system R of Lie(G), so
that the elements of ∆ associated to the white nodes are a basis of the root
system RK of the semisimple part of Lie(K). In the following, we will call
black roots the elements of R \RK . By definition of basis, every α ∈ R can
be written as a combination α =
∑m
i=1 kiαi, where the ki’s belong to Z and
are either all non-negative or all non-positive. A non-zero root such that
ki ≥ 0 for every i = 1, . . . ,m is called a positive root. The set of positive
roots will be denoted R+. For every α =
∑m
i=1 kiαi ∈ R
+, the height of α is
the integer h(α) =
∑m
i=1 ki. Let R
+
K = RK ∩R
+. The following formula for
the Poincare´ polynomial of G/K can be found in [1]:
P (G/K, t1/2) =
∏
α∈R+\R+
K
1− th(α)+1
1− th(α)
. (10)
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In order to prove the lemma we will use (10) to determine all the painted
Dynkin diagrams for which
P (G/K, t1/2) = c+ ct+ ct2 + · · ·+ ctn (11)
First, notice that by evaluating both members of (11) at t = 0 we get
c = 1. We shall now prove by induction on m that, under the assumptions,
for every 1 ≤ m ≤ n there exists exactly one root in R+ \R+K of height m.
In order to do that, let us denote fα =
1−th(α)+1
1−th(α)
for every α ∈ R+ \ R+K . If
k = ♯(R+ \R+K), we then have P (t) = P (G/K, t
1/2) =
∏k
i=1 fαi(t).
By a straight calculation, one easily checks that the i-th derivative of fα at
t = 0 vanishes for 0 < i < h(α) and equals i! for i = h(α). By (11) we
have P ′(0) =
∑k
i=1 f
′
αi(0) = 1, which clearly implies the claim for m = 1.
Now, let us assume that the claim is true for m = 1, . . . , s− 1. Then, up to
reordering the roots, we have
P (t) = (1 + t+ · · · ts−1)
k∏
i=s
fαi(t) (12)
where h(αi) ≥ s for every i = s, . . . , k. This implies that
P (s)(0) =
ds
dts
|t=0
k∏
i=s
fαi(t) =
∑
is+···+ik=s
s!
is! · · · ik!
f (is)αs (0) · · · f
(ik)
αk
(0) (13)
and then, by (11),
∑
is+···ik=s
1
is! · · · ik!
f (is)αs (0) · · · f
(ik)
αk
(0) = 1. (14)
But, since h(αj) ≥ s and ij ≤ s for every j = s, . . . , k, we get
1
s!
∑k
j=s f
(s)
αj (0) =
1, which implies the claim for m = s and then concludes the proof by in-
duction.
In particular, for m = 1, by definition of height it follows that the Dynkin
diagram of G/K must have only one black vertex. Thus, we are left with
determining the position of this vertex in the diagram. More precisely, one
can conclude the proof by showing that, for each of the complex semisimple
Lie algebras, the only painted diagrams with only one black vertex and
which do not admit two distinct black positive roots having the same height
correspond either to CPn or to the complex odd quadric. This can be
obtained by a careful checking of the list of the set of roots R and a basis ∆
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for each of the complex semisimple Lie algebras (see, for example, Appendix
C of [20]). The details are left to the reader. 
Proof of Theorem 3. IfX were locally CR-equivalent to S2n+1 at same point,
then, by homogeneity, this would be true at every point, i.e. X would be
spherical. Since X is compact and homogeneous, Proposition 5.1 in Burns
and Shnider [8] would then imply that X is diffeomorphic to a lens space
S2n+1/Zm for some m. Therefore, by a Gysin sequence argument (see e.g.
the proof of Corollary 3.7 in [12]) one gets that the Betti numbers ofM must
satisfy the relations b2j−2 = b2j for j = 1, . . . , n. By Lemma 4 M is then
biholomorphic either to CPn or to Qn ⊂ CP
n+1, n = 2p− 1 > 1. The prove
will be finished if we show that the case of the odd-dimensional quadric
cannot occur when n > 1. This follows by the fact that the unit circle bun-
dle over Qn is the Stiefel manifold V2(R
n+2) (see [7, p. 1581]) which is not
diffeomorphic to S2n+1/Zm for n > 2 (for example H
2(S2n+1/Zm,Z) = Zm
while H2(V2(R
n+2),Z) = 0, for n > 2, see [14] and [6], respectively, for the
computation of the Z-cohomolgy ring of the lens spaces and of the Stiefel
manifolds). This ends the proof of the theorem. 
Remark 5. In the proof of Theorem 3 the relation between the Betti num-
bers of M (and the homogeneity) allows to deduce that our manifold M is
biholomorphic to a complex projective space. We want to point out that
there exist complex algebraic surfaces with the same Betti numbers of a
complex projective but not biholomorphic to it. These are the celebrated
fake projective spaces (see, e.g. [25], for details). Such a Ka¨hler surface
(F, gF ) is obtained by taking the quotient of the unit ball B
2 ⊂ C2 by a
subgroup of biholomorphisms Γ of B2, i.e. F = B2/Γ and the metric gF is
the unique (up to homotheties) Ka¨hler-Einstein metric on F with negative
scalar curvature whose pull-back to B2 is given by the hyperbolic metric
ghyp.
Now, consider a geometric quantization (L, h) for (F, gF ) and the corre-
sponding Kempf distortion function TmgF . It is not hard to see that the
coefficients in the TYZ expansion of TmgF are constants and, moreover,
ak = 0, for k > 2. Indeed this follows by the fact that, by Lu’s theorem the
coefficients depend on the curvature and are the same as those of (B2, ghyp)
for which the computation is well-known. Hence, if one believes the validity
of Lu’s conjecture mentioned above (see the end of Section 2), (F, gF ) would
be an example of projective algebraic surface with the same Betti numbers
of the projective space, with vanishing log-term not biholomorphic to CP2.
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Observe that in this case even if all coefficients of TYZ expansion are con-
stants the quantization is not regular and so the vanishing of the log-term
cannot be deduced by Theorem 1. Indeed if the quantization were regular
then gF would be projectively induced and the same would be true for the
metric ghyp on B
2, in contrast with a well-known result of Calabi [9].
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